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Abstract

We discuss a vectorial variant of Ingham’s and Beurling’s classical therems.

1 Introduction
We consider the coupled string-beam system

Upp — Uge + au + bw = 0,
Wit + Wapee + cu+ dw =0

with usual initial conditions and with Dirichlet—hinged boundary conditions on a
bounded interval (0, ¢), where a, b, ¢, d are given coupling constants.
Given T > 0, we investigate the validity of the estimates

T
clE(O)g/ (£, 0)[2 + [wa (£, 0)2 dt < 2 E(0)
0

with suitable positive constants ¢1,co where F(0) denotes the usual initial energy
(H=H} x L? x H} x H™1).
Following [9] we may write these estimates in the abstract form

T
a Ykl < [ laOF dt < er Y lanf

kez 0 kez

where
z(t) == (u,u, w,wy)(t) = Zkakew’“t
keZ
with square-summable complex coefficients x. Here (Uy) is a given sequence of
unit vectors in C* and (wy,) is a given sequence of real numbers, depending on the
parameters of the problem (eigenvector traces and eigenvalues).
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2 Statement of the results
We make the following assumptions:
(i) Let © := (wg)rez be a family of real numbers satisfying the gap condition
= inf — .
~ ]ﬁn |wk — wp| >0

(ii) Let (Ug)rez be a corresponding family of unit vectors in some finite-dimen-
sional complex Hilbert space H and consider the sums

x(t) = Z xR Upert

kez
with square summable complex coefficients x.
(iii) By the gap condition  has a finite upper density defined by
Dt =DV (Q) := lim n™(r)/r
T—00
where nt(r) denotes the maximum number of terms wy contained in an
interval of length r. We have DT < 1/+.

We are going to discuss the followign theorem obtained in [3] in collaboration
with A. Barhoumi and M. Mehrenberger:

Theorem 2.1

(a) If T > 27 D™, then the estimates

T
a Y Jol? s/ le@3 dt < 2 S Janf?
0

kEL ke

hold with suitable ¢y, co > 0.

(b) Conversely, if the above estimates hold true and dim H = d, then T >
2rDT/d.

Let us discuss this result.
Remark First we consider the scalar case d = 1. In this case the critical length
is T'= 27 D% and our result reduces to a theorem of Beurling [4].

(i) For wy =k we have D' = 1 and the critical length is 27 in correspondence
with Parseval’s equality:

/271'
0

ZIkeikt‘Q dt = 2m Z\xk|2

kEZ kEZ
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(ii) For wy = k® we have D* = 0, so that
T
oY laf < [ Of d <y o
keZ 0 kez
for any T' > 0 (the constants c1,c2 > 0 depend on T).

(iii) Ingham’s earlier sufficient condition ensured the preceding estimates for 7' >
27/ = 2m. (We recall that DV < 1/4.)

O

Remark Next we give higher-dimensional examples.

(i) If the vectors Uy are identical, then the critical length is 2rD™ like in the
one-dimensional case.

(ii) If d > 1, (Ug) is d-periodical and Uy, ...,Uy is an orthonormal basis of H,
then the critical length is T'= 2r D% /d. Indeed,

T ) 2 d T ) Py
[t =3 [ S| a
0 H =70

kEL kEZ

and we may apply the scalar case to each sum on the right side.

(iii) We show later that the critical length can be anything between 27 DT /d and
2rD+.

O

In what follows we explain the proof of Theorem 2.1. It is based on our previous
works in collaboration with C. Baiocchi and P. Loreti [1], [2].

3 Sufficiency of the condition 7' > 27 D"

We begin with the scalat case. We recall Ingham’s following classical theorem [7]:
Theorem 3.1

If
= inf — 0
7= fuf o ] >

and T > 27 /7, then we have

T ) 2
c1 Z|.Lk|2 < / ‘Z Tpe Rt dt < ey Z\;Lk|2
0

keZ kEZL kEZ
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Idea of the proof. By introducing suitable orthogonalizing weight functions we im-
itate the proof of Parseval’s equality.

There are infinitely many suitable weight functions but only a very particular
choice yields the theorem under the condition 7' > 27 /. During the extension
of Ingham’s theorem to higher dimension, this optimal weight function turned to
be intimately related to the first eigenfunction of the Laplacian operator in a ball;
see [1] or [9]. O

Ingham’s condition T' > 27/ was weakened in [2] as follows:
Theorem 3.2

If Q4 U---U Qs be a finite partition of Q = {wy} and

T 2 n n s
(1) ()
then we have
T o
¢ Z|xk|2 < / ‘Z xpet ) dt < ¢y Z\xk|2 (3.1)
keZ 0 kez kez

‘We note that for M = 1 this reduces to Ingham’s theorem.

Idea of the proof. We combine a Fourier transform method of Kahane [8], by re-
placing an implicit estimate by a constructive one, based on a constructive method
of Haraux [6]. O

Example 3.3:

For wy = k® and Q; := {wrm+; : K €Z}, j=1,...,M we have v =1 but
27 27

+ot <M
.
) S =M

0, M — oo.

Hence in this case the estimates (3.1) hold for all T > 0 instead of Ingham’s
assumption

The upper density is related to the partitions via the following result proved
in [2]:

Proposition 3.4

For every T' > 2w D™ there exists a finite partition of { such that

2 2

o T e <
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Proof. We choose 7/ > 0 such that T > i—’,’ > 27 DT, and then a large integer M
+ ’
such that 277 > 27 ™ 154]\:[,7 ) ie., nt(M~y') < M.
Arranging the exponents into an increasing sequence (wy)kex we have wy4pr —
wi > M~/ for all k, so that the sets Q; := {wnp4; @ k € K} satisfy

M
2 2 2w
< E —=—<T
W) T My

M=

j=1
O

The sufficiency of assumption 7' > 2r DV in the vectorial case follows from the
scalar case. Indeed, we fix an orthonormal basis (E,,),en of H and we develop
each U} into Fourier series:

U = Z UgnEn.

neN

If T > 2n D™, then using the scalar case we have

T ) 2 T 2
JR ST IR O M) ST
0 0

keZ neN keZ

=D D lewuknl?

neN kEZ

=D loul?

k€L

dt

with =< meaning equivalence in the sense of (3.1).

4 Necessity of the condition 7' > 27 D" /d

We may assume by scaling that

2m ) 2
| IS mne | de= Yo
0

kez kez
We need to show that Dt < d. Following Mehrenberger [10] we adapt a method
of Gréchenig and Razafinjatovo.
Step 1. Fix R >0,y € R, r > 0 and set

V =V, = Vect{Upe™*" : |w —y| <71},
W =W, ryp = Vect{Ue* : UcH,|k—y|<r+R}.

Note that

nt(2r) =supdimV and dim W < (2r + 2R)d.
y
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We will prove that
dimV < (14 o0g(1))dimW as R — oo.
This will imply that
nt(2r) =supdim V < (2r + 2R)d(1 + or(1))
y

and hence that (o
Dt = lim % < d(1+ or(1))

T—00 r

for all R > 0. Letting R — oo this yields DT < d.

Step 2. Let P,Q be the orthogonal projections of L2(0,2m; H) onto V and W.
Then
S:=PoQ|y € L(V,V)

has norm < 1 and rank < dim W, so that
tr S < dim W.
Hence the estimate dim V' < (1 + og(1)) dim W will follow if we prove that

trS > (1—og(1))dimV.

Step 8. Let (fx) be a bounded biorthogonal sequence to ey := Uge'@*! in
L2(0,2m; H). Since

trS = Z (Sew, fr)r2(0,2mm) = Z (Qerx, Pfr)r2(0,2x:m)

lwr—y|<r lwe—y|<r
we have
dimV —trS=— > (Q-Der, Pfi)r202mm)
|wr—y|<r
< (supll il (dim V) sup (@ — Derllza(o2mm
wr—y|<r
=op(1)dimV

by a direct computation, where we have assumed for a moment that
1(Q — Dekll2(0,2n;1) = 0r(1). (4.2)

Under this assumption we have thus proved the required estimate trS > (1 —
or(1))dimV.
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Step 4. For the proof of (4.2) first have, using the Fourier expansion

d
— 1 int int
er = %ZZ(ek,Eje )Eje

nez j=1

where (E;) is an orthonormal basis of H, the following estimates:

d 27
1 in
1@ Derlfoann =50 > 2 [ lewBie™) de

|[n—y|>r+R j=1

1 d 27 ) 5
=5 Z\(ek,Ej)PV it gy
JO

In—y|>r+R j=1

7T lwg — |2

|n—y|>r+R

IN

Now, since |n —y| > r+ R and |wy, —y| < r imply |n —wi| > R, it follows that

2d 1
H(Q*])ekH%Z(o,zw;H) < — Z

D)
T |n—y|>r+R |wk TL|
4d & 1
< = -
- ; (R+mn)?

< 4d (1 n / <1 d
— | = — dz
o R2 R .'13'2

4d n 4d

TR 7R’

This implies (4.2) and the proof of the theorem is completed.

5 Partitions and upper density

In order to show that the critical value of T' may be anything between 2rD* /d
and 27D, we use the following combinatorial result obtained in [3]:

Theorem 5.1

Let Q be a set of real numbers with a finite upper density D+ and let ay, as, . ..
be a finite or infinite sequence of numbers in [0, 1] satisfying

aptag+-- > 1
Then there exists a partition

Q=0 UQU- -
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such that the upper density of Q; is equal to a;; D for every j.
Now, given 1/d < a < 1 arbitrarily we choose ag,...,aq > 0 such that

ar+--+ag=1 and max{ay,...,aq} =a.

Applying the above theorem we obtain a partition 2 = Q4 U --- U Q4 such that
D% (Q;) = a;DT for all j. Fix an orthonormal basis Ei,...,E4 of H and set
Uy = Ej if wy, € Q. Then using the identity

T ) 9 d T )
/ H E xpUpe@rt dt = E / ) E xpetert
0 Trez " j=1"0

wi €825
and applying the scalar case of the theorem we conclude that the required estimates
hold if T' > 2na D™, and they fail if T < 2mraD™.

2
dt
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