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1. INTRODUCTION

Let 2 ¢ RY, N > 2, be an unbounded domain with non compact boundary 912.
We study the behaviour of nonnegative solutions in Qr = 2 x (0,7T), T' < oo, of the

following Neumann problem

(w?); — div(|Dw|™ ' Dw) = w"”, in Qr, (1.1)
|Dw|™ *Dw-n =0, on 92 x (0,T), (1.2)
w?(z,0) = wj (z), in (2, (1.3)

where 0 < <1, m > 1, v > 1, wo(x) > 0 € {2, with wg € L} .(02); finally
n denotes the outer normal to df2. We are primarily concerned with existence or
non existence of global in time solutions, and with estimates of the finite speed of

propagation of the support of w. We show how these properties are connected with

the geometry of (2.
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In fact, we work mostly with the following euivalent formulation, obtained by

changing variables. Setting u = w”, we have from (1.1)—(1.3)

uy — cdiv(u®|Du|™ ' Du) = u*, in Qr, (1.4)
u®|Du|™ 'Du-n =0, on 012 x (0,7, (1.5)
u(z,0) = up(x), in (2, (1.6)

where a = (1 — 8)m/3 > 0, u = v/ > 1; ¢ is a positive constant depending on m,
g.

Our approach relies on sharp integral estimates of solutions to the problems above,
which in turn are a consequence of embedding results involving geometrical properties
of the domain (2. It is therefore natural to introduce the following quantity ¢(v),

obviously related to isoperimetrical inequalities in {2

((v) =inf{|0GN2|n_1: G C 2,|G|] =v,0G Lipschitz }, for all v >0,
(we use the symbol |- | to denote the N dimensional Lebesgue measure, while the
N —1 dimensional Hausdorff measure is denoted by |- |y_1). We are going to assume

that ¢(v) > 0 for v > 0; in fact, all our arguments are given in terms of a continuous

function g satisfying

0<g(v)</Ll(v), v>0, (1.7)

e
w(v) = is non decreasing for v > 0. 1.8
)= (18)

Let us also introduce the volume function V and its inverse R

Vip) =12, p>0, 2,=0n{z|<p}, R=VY. (1.9)

Definition 1.1. Let 2 ¢ RY, N > 2 be an unbounded connected open set, satisfying
|£2] = 0o, with a Lipschitz continuous boundary 9f2, 0 € 9f2. Assume moreover that
a function g € C((0,00)) is given, as in (1.7)—(1.8). Then we say that {2 belongs to
the class Bi(g).



Definition 1.2. The class By(g) comprises all the domains {2 € B;(g) which also

satisfy

v v
co— < R(v) < c1—, for all v > 0, 1.10
Vg = ) S gy (1.10)

for two suitable constants ¢g, ¢; > 0.

Assuming (1.10) essentially amounts to requiring that the volume V' (p) is equivalent
to pg(V(p))-

It is easy to see that the requirement ¢(v) > 0 rules out the case of 2 shaped like
an “infinite cusp” (with infinite volume). Then domains in the classes defined above
are sometimes referred to as “expanding” or “non-contracting” domains. Domains in
classes similar to Bi(g), Ba(g) were considered by Gushchin, see [7] and subsequent
papers.

FEzample (paraboloid-like domains). Let 0 < h < 1 be fixed, and define
Q={zecR" ||| <2k}, = (r1,...,xn_1). (1.11)
It follows from the results of [14], Chapter 4, that 2 € B;(g), with

- h(N —1 N -1
g(v)zymin(v%,v”), v>0; n:1+(h(N—)1)§ N

Thus in this case

N—-1

wv) =ymax(l,v ¥ 1), v>0.

In fact, it is clear that 2 € Bsy(g).
Note that (2 is a cone when h = 1, while it is a cylinder when h = 0. See also remarks

1.1, 3.1 for further comments on this class of examples.

Definition 1.3. We say that u is a weak solution of (1.4)—(1.6) if u € L2.(£2x(0,T)),
u € C(0,T); L (2)), u®|Du|™ € L (2 x(0,T)), and for all ¢ € CY(RY x[0,T7),
3
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such that supp ¢ is contained in a cylinder {|z] < p < 00,0 <t < T}, we have

T
// [—u¢; +u*|Du|™ ' Du - D{ — w*¢]dz dt = — / up(z)¢(x,0) dx.

ORN RN
The notion of weak solution to (1.1)—(1.3), can be derived immediately from the
Definition above.

Let us also define for all ¢ > 0

1, = the inverse function over [0, +00) of
(1.12)

atm—1 m—+1
+ N

Vy(z) =2 «

We denote in the following ¢ = ;. We also use the notation ||ul, ¢ = ||u||Lr(c), and

w<z>m+1 _ Zoz+7qn—1 +m+1g<z)f(m+1) ’ > Z 0.
denote by v, v; ¢ =0, 1, ..., generic positive constants, whose dependence on N, v,
B, m, and ¢, ¢1 in (1.10) is implicitly understood.

Let us state first our results on global solvability and blow up of solutions to (1.1)-

(1.3).

Theorem 1.1. Let us assume that 2 € B1(g), and that ¢ = 1y as in (1.12) satisfies
+oo
/ W(z)" 5V dz < 400 (1.13)

Then problem (1.1)—(1.3) has a solution w defined for all positive times, provided the
nitial datum fulfils

lwglle + lwgllge <6, (1.14)
where ¢ > 1 is such that N(v —m) < q¢B(m+1), and § = 6(N, m, B,v,q, g) is chosen
suitably small. Moreover w satisfies

lw(- )2, < 7%‘1;{@, for all t > 0. (1.15)
D(tllwg g )

Theorem 1.2. Assume that 2 € Bi(g), v > m, and that

/V(T_%)1/6d7'<oo. (1.16)

0
4



Then all non negative solutions w to (1.1)—(1.3) become unbounded in a finite time (in
some bounded subset of (2), excepting of course the trivial solution w = 0, provided
we assume also that there exist a number 0 < A < f(m + 1)/(v —m), and a non

increasing function x : (0,00) — (0,00) such that

Cix(p) < V(p)p™ < Cax(p),  for large p, (1.17)

for two suitable positive constants Cy, Cs.

Remark 1.1. If {2 is a “paraboloid” as in (1.11), we can check that

(1.13) & ﬁ(” ~1)>1, and (1.16) < ﬁ(” —1)<1, (1.18)

where A(b) =bla+m—1)+m+1,b=1+h(N —1) (we select A =b and y =1
in Theorem 1.2). Therefore the conditions we give for existence or non existence of
global solutions are sharp, at least for this class of examples. Let us note here that
we do not deal with the threshold case b(y — 1) = A(b). The parameter ranges in
(1.18) should be compared with their counterparts in the case of the Cauchy problem
2 = RY, where it is known (at least if & = 0 or m = 1, see [2], [6]) that global
existence is possible if 1 < N(u — 1)/A(N), while every non trivial solution blows
up in a finite time if 1 > N(u — 1)/A(N). We see that the homogeneous Neumann
problem in a cone (h = 1), respectively in a cylinder (h = 0), behaves like the Cauchy
problem in spatial dimension N, respectively in spatial dimension 1, at least from
this point of view. In fact, the Cauchy problem is covered by our methods, when one
takes g(v) = 702}%. Note, by contrast, that the Cauchy problem and the Dirichlet

problem in cones (with homogeneous boundary data) are different, see [12].

Remark 1.2. Provided we assume g to be smooth enough, we may change variable
t = 1(z) in (1.13), and prove by integrating by parts that N(v —m)/B(m +1) > 1
if (1.13) is fulfilled.

+1

Tt follows from (1.16) that V(p)p ?v=m — 0 as p — oo (see (5.5)). Then our technical
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assumption (1.17) does not seem to be too restrictive, also in view of the examples

in Remark 1.1.

Due to the degeneracy of the equation, one expects solutions with compactly sup-
ported initial datum to exhibit the property of finite speed of propagation. In our
next result we give a sharp estimate for the support of u(:,t), for large ¢. Let us

define
Z(t) =1inf{p > 0 | suppu(-,t) C £2,}, t>0.

Theorem 1.3. Assume {2 € By(g), and let the assumptions of Theorem 1.1 be sat-
isfied, for a suitable § > 0 in (1.14). Moreover, we require that
supp wy C §2,, , for a given 0 < py < o0, (1.19)

and that g is non decreasing. Then, for allt >t > 0, we have

m—p3 m—_3

WRE(Hw N5 ) < Z(t) < yR@ (w5 ). (1.20)
and
B ||w€||1,9
Jw( o =r0—— 275 (1.21)

V(thwyllg )

where t depends on Hung,g, po and N, m, 3, g(1).
Note that (1.21) implies that the sup estimate (1.15) is sharp.

Remark 1.3. 1) If 2 € By(g) in Theorem 1.3, our proof still implies that

m—3

Z(t) < VGO(@Z)(tHugHg)), t>t, where Go(s) =s/g(s), s>0.

2) In fact, the assumption that g be monotonic can be relaxed somehow. We refer to

the proof in Section 6 below.

Remark 1.4. It is well known that equations containing nonlinear sources of the

type of (1.4), require local regularity conditions on the initial datum in order to be
6



solvable (see [2] and the literature quoted therein; note that ¢ is suitably large in
Theorem 1.1). The optimal regularity condition for initial data measures could be
found in the present setting by means of the methods of [1], but we do not dwell on

this point, as the main interest here is on the behaviour of solutions for large times.

Pioneering work on the subject of Neumann problem for parabolic equations in

unbounded domains is due to Gushchin [7], [8], and following papers, see [9], where
the author considered a class (close to our By(g), B2(g)), of domains with non com-
pact boundary satisfying isoperimetrical inequalities essentially similar to (1.7), (1.8).
However, those papers were only concerned with the study of linear parabolic equa-
tions. For such equations, [8] gave the optimal stabilization rate as t — oo, for
u € LY(2) N Le(12).
For the degenerate case we treat in this paper, but without the nonlinear source
term, the optimal stabilization rate was given in [17], and finite speed of propaga-
tion was proven in [16], for solutions satisfying the global integrability requirement
|Du| € L*(Qr), in the more general setting of higher order equations. Moreover,
in [16], Bernis’ approach [4] was employed, relying on a weighted interpolation tech-
nique, requiring in turn additional assumptions on (2. Here we estimate the finite
speed of propagation by means of the method introduced in [3].

In Section 2, we establish some preliminary technical facts needed in the following.
In Section 3 we prove the essential a priori L* estimates for u. In Section 4 we prove
Theorem 1.1, and in Section 5 we give the proof of Theorem 1.2. Section 6 is devoted
to the proof of Theorem 1.3. Please, note that in sections 3, 4 and 6, we work with

formulation (1.4)—(1.6), while the setting (1.1)—(1.3) is used in Section 5.
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2. PRELIMINARIES

Lemma 2.1. Let 2 € Bi(g), v € L®((0,T); L"(£2)), Dv € (LP(2))N, with p > 1,

r > 1, and assume that supq r|suppv(-,t)| < oo. Then

T LT
. N

/ [o|P* ¥ dzdt < 5 sup [ (|supp v (-, (/|v (x,t)]" dx) ] / |Dv|Pdzdt,

, 0<t<T )

(2.1)
where the non decreasing function w : [0, 00) — [0, 00) is given by w(r) = 7YV /g(7),
and vy = ~(p,r, N).
Proof. We start from the “elliptic” embedding proven in [16], which we state in the
notation used here: Let v € L"(2) N L*(02), Dv € (LP(£2))N. Then
11,1
[v]ls.0 < Y (V)VE="7" ¥ [| D], (2.2)
where s > 1, s > h > 0,p > 1, s(N—p) < Np, V = (||v||hg||v||;}2)s%, and
v = (s, h,p, N). If we assume that |suppv| < oo, we infer from an application of
Holder’s inequality that V' < |suppv|. By using this estimate in (2.2) we get
12 (-1 2 (1-1ed
o ) <l D0 e
To prove (2.1) we discriminate between the cases p < N and p > N. If p < N, we

choose s = Np/(N — p), and use the corresponding specialisation of (2.3) as follows

/T/|v(t)|p+% d:pdt</</|v )’ dx)W(/Mthx)ﬁdt
SV/WUSuppv (/|v )| dx) (/IDv(t)|pd;p) dt

0 Q
whence (2.1).

If p> N, we may choose s =p+pr/N > r, h =r, and check that (2.3) reduces to

%
/|v|8dx < 7w(|suppv|)p(/|v|rdx) /|Dv|pdx;
0 Q 0
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(2.1) follows easily on integrating the above inequality, written for v = v(-,t), over

(0,7). O

Remark 2.1. Estimates (2.1), (2.3), should be compared with the embeddings of
Chapter I of [11] and Chapter II of [5]. The embeddings given here reduce the ones

there when {2 is a cone, or R" (so that w is constant). See also [8] for the case p = 2.

Remark 2.2. In [16] the proof of (2.2) contains a formal mistake in the case p < h,
which can be easily fixed (we refer the reader to the proof of the embedding result in

the forthcoming paper [3]).

Lemma 2.2. Let {Y,}, n >0, be a sequence of non negative real numbers satisfying
Yo < COY EF(CY, 1), n > 1, (2.4)

where b > 1, and €, C, Cy, by > 0 are real numbers. We also assume Y, <Yy, and
that the function f : [0,00) — [0,00) is non decreasing. Then Y,, — 0 as n — oo,
provided

CRHEYS F(Cif*°Ye) <1, B =max(b,b5). (2.5)

Proof. The claim made in the statement can be proven as Lemma 5.6 in Chapter II
of [11]. Anyway, for the reader’s convenience, we give here a short proof. We are in

fact going to show that
Y, < ﬁ_nT_lYo, for all n >0, (2.6)

whence the result, keeping in mind that 5 > 1 according to its definition in (2.5).
Of course (2.6) holds when n = 0, n = 1, because Y; <Y{ by assumption. Next we

proceed by induction, assuming it holds also for all 0 < i < n. We have

n— n—2

= Yo) (O B

Yo SOV (B~ )

< (B EN)OB Y IOV < B, (27)
9



owing to (2.5). Therefore (2.6) is in force for i = n+1 too, and the proof is concluded.

0

We conclude this section with the following technical lemma, whose results are em-

ployed without further mention throughout the paper.
Lemma 2.3. For g as in (1.7) and ¢, as in (1.12), we have for all z > 0
902) ST g(x), v>1i g 289 g(x), 0<6<l;  (28)
Va12) SR, 7> 1 602 2N (), 0<d<1,  (29)
Ky=N@a+m—1)4+g(m+1), ¢>0.

Proof. The first inequality in (2.8) follows from

(7)™ _ 2w
9(7z2) & 9(2) "

which holds true because v > 1 and w is nondecreasing by assumption. From the

definition of ¥, and from (2.8), we infer at once

N(a+m—1)4+q(m+1)
Vo(yz) 2y v W(2), v > 1,
whence we get the bound below for ¢,(vz) in (2.9) (after redefining 2, 7). The other

estimates are proven in the same way. U

3. THE MAIN A PRIORI ESTIMATE

Lemma 3.1. Let u be a bounded solution to problem (1.4)—(1.6) in {25, x (0,t). Let

Qo = Late)p X (t(1 —0)/2,t), Q = 2, x (t/2,t), for a given 0 < o < 1. Then, if

t
pm+1

a+m— -1
lullseGy ™+ tlullbeg, < 1. (3.1)
we have for any q > 0

<t‘1 foO u! dx d7'> g

[ulloc < nlt (3:2)

(117 [ werar) )’
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where v = y(o,q, N,m,a), and ¢, : [0,00) — [0,00) has been defined in (1.12).

Proof. Let k > 0, ¢ > 0 be constants, and let ¢ € C'(R" x R) be a standard cutoff

function satisfying
(=1in By x (¢,t), supp¢ C B x (t",t),
0< (<1, DY <y =) 0< G <yt 1),
where 2p > 7" >’ > 0 and ¢t > ' > ¢ > 0 are given. If we choose (u — k)%¢™*!

as a testing function in the weak formulation of the problem, we get by standard

calculations (in fact also exploiting a Steklov averaging procedure)

sup /(u_k>Q+1<m+ldx_'_// Q‘D u— )m+1 |m+1dxd7'

o<r<t
()

//{ k)G ut [ D™ (= k)T uf (u — k)L dadr
(3.3)

In what follows we let for all n > 0, B,, = {|z| < pn}, Qn = (2N B,,) X (t,,t), where

t o 1
n = 1 th,h==(1—— ), k,=k|1— ,
S R O S ()

so that {@Q,} is a sequence of cylindrical domains interpolating between ()g and Q.

We also denote by ¢, a cut off function as above, with v’ = p,,, v’ = p,_1, t' = t,,

t" =t,_1, n > 1. We obtain from (3.3), choosing k = ky 11, ¢ = (41 there,

gtm
sup [ (a1 ot 8 [ DG b) F G o
o<r<t

02(r)

nm

2 t
at+m—1 +1
§72t0m+1{1+pm+1||u||oo@0 +t||u||OOQO}//(u—k;n)q+ dedr. (3.4)

11




Next, as a consequence of the embedding Lemma 2.1, we establish the recursive

inequality which is the core of the proof. Define

An+1 = {(.’L’,T) € Qn ‘ U(.T,T) > knJrl} - RNJrl,

Apii(r) ={z € 2N B, | u(z,7) > kpy1} C RY .Y, = //(u — kn)fl dzdr.

We find, on applying firstly Holder’s inequality and then the embedding result just
quoted,

g+1
A6

gq+1
Yo < / / (1= k)T, < A5 / / t— ko)A e dr

Qn

m+1
<l Ay -%<[ sup. w1 ([ bt ) T
tn <7<t
2(r)
q+1
gnm A
m a+m—1 «

L//WL)U-— 1) Cﬁ+ﬂ +1d$(h'+';;1T;;;THUHanO k™ Yf]) :

(3.5)

where 6 > 1 is chosen large enough, and, as required by the embedding result,

(m+1)(g+1) |

\ =
q+m+ N

Note that A > ¢ + 1 due to the assumptions on m. We are going to exploit estimate

(3.4) in (3.5); we also need the following consequences of Chebichev’s inequality (and
of the definition of &)

‘AnJrl‘ < ’742n(q+1)kiqilyn )

on(m+q) .—q—1

| Ay ()] < pp2nlatD et / (u— k)% da < 74 Yoo1,n>1.

By (1)

tO-erl

In the last inequality we have made use again of (3.4), as well as of assumption

(3.1). Collecting the estimates above we have for n > 1, after elementary algebraic
12



calculations,

(g+1)(m+1)
_ﬂ (@t Amg—1) n1+ q AN . —q—1 (erl)%
Yoy < 70"k oy ppey w (5] wTHY”—l)

(to-m-i-l)

)

with b, b; suitable constants. According to Lemma 2.2, we have Y,, — 0 as n — o0,
provided k is chosen in such a way that the formula corresponding to (2.5) is fulfilled.

More specifically, we choose k so as to have

q+1 q+1)(m+1)
vgk—%(a-l—)\—q 1) || ||q+1Q0

(tom+1) "3

k=t a+1
q+1 (m+1) N
(1+m+1) ('Ylot m+1|| ||q+1,Qo) »=1. (3'6)

Note that the left-hand side of (3.6) is decreasing in k, and that ||u||~.q < k, because
Y, — 0, so that

coro e’ o e
Yollu H - (tgmil)lerﬁl ( o o) ” |Z+1,Qo) >1. (3.7)
In order to conclude the proof let us define
ro=p, i =ri+2"op, to=1/2, tiy1=t; — 27" 20t, >0,
Q' = (20 {lz] <ri}) x (ti,t) CQ™ C Qo Ui = [l s

so that Q° = @, and r; — (1+0)p, t; — (1 —0)t/2 as i — oo. In fact, estimate (3.7)
has been proven for the pair of cylinders @), @)y for the sake of notational simplicity,
but we are going to apply it for a suitable pair @7, Q’*!. Indeed, we define the integer

j as follows, for a 6 € (0, 1) to be chosen:
.j:()a lfUOZ(;Ula

szUp{kZl|UZ,1<5UZfora111§z§k}, 1fU0<5U1

We may assume that j is finite, as we would have otherwise |u|oo.0 < 0*]|t||c0.q, for

all i > 0, implying u = 0 in @, and therefore, trivially, (3.2). Then we have

a) Uj+1 < 5_1Uj, b) U() < 5jUj, (38)
13



and also

lullg s giss < Usallulll gisr < 6 Ujlully g, - (3.9)

q+1,Q7+1 ,Qit1

by virtue of part a) of (3.8). (Here we use the notation ||u||, o even if ¢ < 1.) It is
clear that we may formally replace in (3.7) Q with @7, and Qq with Q7. of course
also replacing o with 2-U*Dg because of the change in the geometry. If we also use
(3.9) in the resulting inequality, we find

(a+m— 1-&-m+1¢1)5771 H Hq Qo

<t2_(j+1)(m+1)am+1)1+mT-H

—q
J -1
(71%2 (+1)(m+1) m+1 H HqQo

’YQU

)" > 1. (3.10)

Finally we make use of part b) of (3.8), obtaining

—(a+m—1+"H q) ||U|| Q mtl
U, WW( 1Y 1t m+1|| 120, =1, (3.11)
where now 7, 7; depend on ¢ too, and
§ = getmo IS gy = gagmt

If we choose § so that ¥ < 1, 43 < 1, the left-hand side of (3.11) does not depend
essentially on j. In other words, the constants 7, 4%, 4; and "y{ can be estimated a
priori in terms of the parameters m, ¢, N, a and p only. Estimate (3.2) follows now

from (3.11), upon a simple step of functional inversion. O
Remark 3.1. In the example of paraboloid-like domains pointed out in the Introduc-
tion, we have g(7) = 7min(7%, 77); then we see that (3.2) takes the form

||u||OO,Q S ,yma’X(Wl/Na Wl—n) ) (312)

where for s > 0 we set

s(m+1)
71 xTm— s(m
WS — t atm—Itgs(m+1) <t‘1 // widx dT) +m—1+qs(m+1) ’

under the assumptions stated in Lemma 3.1.
14



4. PROOF OF THEOREM 1.1
We have gathered some essential technical facts in the following

Lemma 4.1. Let ¢, be as in (1.12), ¢ > 0; let U, s, 0, t denote positive numbers;
KCq ts the constant defined in Lemma 2.3. Then

D(U) = U* /(U™ 1) is non decreasing in U > 0 for s > s,

(4.1)
so = Nqgla+m —1)/KC,. Also, D(0+) =0, if s > s0.
¢
J = /wq(TU‘Hml)e dr < At ((UT™ 1) < 0o, if Ngb < K, (4.2)
0
b
Assume I(U) = /U9¢Q(TU“+W_1)_9/Q dr < o0, for allU > 0, (43)

a

for some fized 0 < a <b<oo. Then [(U) — 0 as U — 0.

Proof. (4.1): Define z = 1, (U™ 1); then we have to show that W, (z)%/(Fm=1) /7 is
non decreasing in z. But this is an obvious consequence of the choice s > s¢, and of
(1.8), once we write explicitly

s(m+1) s(m+1)

D(U) — Z§+N(a+m—1)_1w(z)a+m—l . (44)

By the same token, D(0+) = 0 if s > s¢, keeping in mind that z — 0 if U — 0.
(4.2): We may use (4.1) to calculate

t 1 1 50
. / (e ) dr (tFmeT )0 £ T
0 Yy (TUTm=1) (1 aFT U)so? T Y (UAmL) | Uso? (1 - afs?fl) .

(4.3): This follows obviously from (4.1), and from I(U) < oo, if we take into account

that ¢ > 5o and that

erq@_Uaerfl)f@/q — [Uqwq@_Uaerfl)fl]G/q_
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Let us introduce the sequence of approximating solutions u,, > 0, n > 1, where u,,

solves

uy — cdiv(u®|Du|™ ' Du) = min(u”, n), in 2, x (0,00),
u®|Du|/™ 'Du-n=0, ondR2Nas,, u=0, on2N09S2,,

u(z,0) = ug,(z), in £2,,

and g, € C*(12,), with ug, — ug in L*(£2)N L7(£2); note that we always understand
u, to be defined over (2, by setting u,, = 0 out of (2,.

It follows from the results of [18] that the problem above is globally solvable. In the
following, for the sake of simplicity, we denote u,, = u. Note that Lemma 3.1 can be
applied to u; more precisely, no localization in space is necessary in the present case,
due to the global integrability information stated in (1.14). Therefore, assumption

(3.1) can be replaced with
tlu(,t)lee <1, (4.5)

and the sup and integral norms in (3.2) are global norms in (2. Let T be the supremum
of all times ¢ such that (4.5) holds for all t < . Our goal is to show that 7' = co. Then
we may apply Lemma 3.1 and the global estimates of the integral norms of u proven
below to infer, with the help of the results of [10], [15], that {u,} is equicontinuous in
every compact subset of £2x (0, 7). Moreover integral gradient estimates for u follows
as in [2], [3]. With the help of these estimates, and exploiting the monotonicity of the
operator, we can pass to the limit in the weak formulation of the problem written for
u, (perhaps extracting a suitable subsequence), thereby obtaining a global solution

U.
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Multiplying the differential equation satisfied by u against u*~1, s > 1 (here u® =

by convention), and integrating over §2,, x (0,¢), we find for 0 <t < T

¢
/ u'dr < /U(S)n dz + 7// uPt dpdr < /U(S)n ded +vP4(t)=(1), (4.6)
o(t) 19 02 1)

n—

R YO
o / wq<r@q<r>a*?l>*‘q‘ld ’

where we have used the sup bound for u of Lemma 3.1, and we defined

(1]

O (t) = Os<ugt / u’(z, 7)de, s>1.
2(r)

Also note that Z(t) < oo as a consequence of (4.2), and of the choice of ¢. In fact
the assumption in (4.2), i.e., Ngf < K,, with 6 = (u — 1)/q, is equivalent to the
restriction placed on ¢ in the statement of Theorem 1.1 (recall the definition of I,
in Lemma 2.3). Take s = ¢ in (4.6); of course we may assume ||ug,|q.0 < 7||uollq,0-

Then, defining
To =sup{t > 0| Z(t) <e},
for a sufficiently small € > 0, we have from (4.6)
O,(t) < nlluollee, 0 <t<min(T,Ty). (4.7)

Thus Ty > min(7, 7)), where Tj is defined by

luolly

72(71)/ ——dr=¢
Yo(lluollg ™)

0

(we are using (4.1) with s = ¢). Moreover, if ¢ < min(7T,Tj), we also have (recalling

that 1, is non decreasing)

ook wo|“ ! 1
e Ol < 7 Wolho g L g
Galtluol T Y ol
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provided ¢ is redefined if necessary. Thus 7 < T'; in turn, we may assume 7T > 1,
invoking (4.2), (4.3) and perhaps changing 4 in the statement. Incidentally, note that
T} does not depend on n: in its definition ug is the original datum.

We can now proceed to estimate the L(§2) norm of u, uniformly in ¢; for small
t we use (4.6) again, but choosing now s = 1 there. From the arguments above we

infer
/udxg%/uodx, for 0 <t < Tp. (4.9)
() 7

Moreover, we have as in (4.6)

t
d, (7))
/ udr < / udx+%/w<7¢1<71)(a+)ml)ﬂl dr, 1<t<T. (4.10)

Q2(t) (1) 1

From (4.9), (4.10) we get

Oy (7)H
‘aer 1)

()<’V5||Uo||19+76/w -dr, 1<t<T.

(7ol

Then ®4(¢) is majorised for T' > ¢t > 1 by the increasing function y(¢), where y solves

Y = eyt (tlluol|SH )T, 6> 1,
y(1) = s |uoll1,e -

It follows from the explicit representation

) =yt = [wtrlulezyeerar] ez @

that y is defined and bounded over (1, 00), provided ¢ in (1.14) is chosen small enough,
which we are going to assume. Indeed, (4.3) and (1.13) imply that the quantity in
brackets in (4.11) is bounded away from zero, if ¢ is small enough. It is therefore

clear that we have ®,(t) < 7s|luo||1. for all 1 <t < T then for all such ¢, invoking
18



(4.9)
ol ol

g oll £ Y(tuollT 1)“ '

tlu(-t)llhn <

. (4.12)

DO | =

.. / bulltd L wltn

>~ "/9 atm— 9 at+m— —
(7 lluolly s e W ([luol|TE™ )

by possibly redefining §. The definition of 7" and (4.12) would yield a contradiction

if T' < co. Therefore T' = oo and the proof is concluded.

5. PROOF OF THEOREM 1.2

We use here the formulation (1.1)—(1.3). We define Vi(p) = max(V(p),1). We may
assume without loss of generality that V(1) = 1, and that (1.17) holds true for p > 1.

Recalling (1.16), we also set
flw) = / 7wt )P dr , w>0; flw)=0, w=0,
0

with 0 < € < 1to be chosen. Let ¢ € C*(RY), ¢ =0 for |z| > p, ¢ =1 for || < p/2,
0< (<1, |D¢ <~v/p. We may take f(w)(®, s > m + 1, as a testing function in

(1.1) (in fact an easy approximation argument should be employed here). Setting

w

plw) = [y ar,

0

we find
d
o5 [ etoicde =~ [1Dul i )cds = s [ Dl D D w)da
(t) (t) (t)
+ / w’f(w)*de = Sy + Jo+ J5.
2(t)

We bound |J3| by means of Young’s inequality, and of

Fact 5.1. £ < |J{,((w))| < yw, for all w > 0,

19



(the proofs of Fact 5.1, and of other technical Facts, are gathered at the end of this
section). We find

o5 [ etocde= -2 [ pwurerans [wre)cde. G

pm+1
2(t) 2(t) (1)

Note that, if 0 < sy < s —m — 1, we can use in (5.1)

W™ f(w)¢ T < [w¢M M (we™),
because f is decreasing and 0 < ¢ < 1. Next we may apply the inequality in p. 331
of [13] to the function z®(z), where

Fact 5.2. ® is defined by ®(2"~™) = 2" f(z), so that if € is small

a®(b) < ga®(a) + y(o)b®(b), forall o € (0,1), a, b > 0.
Then we find for all1 >0 >0

PG ) < 0wl (W) ) + () B )

m+1 m—+1

< yow’ T f(w) 4 y(o)pT v f ()

where we have also used

Fact 5.3. f(w(®) < 7 f(w).

By choosing s1(v — €) = s, which is consistent with the condition s;m < s —m — 1 if
s is taken large enough and ¢ is small enough so as to have v — e > m, we get from

(5.1), also selecting a suitable o,

d V m+1 1
o8 [tz sy L [wpwca 6
0, p 0

Next, we note that
Fact 5.4. (B — &) t2Pf(2) > p(2) > B7L12Pf(2), for all z > 0 provided ¢ < f3.

Then for e < 3/2, we have w" f(w) > (5/2)O(p(w)), where
20



Fact 5.5. the function © defined by O(p(2)) = 2" P(z), z > 0, is convex, if 2 < v.

Then, by Jensen inequality,

/g@ (/g dx) L) == /gsgp(w)dx(/cdx)_l.

Q(t) Q

Using the inequalities above in (5.2), we infer that
/ 1 S -1
N(t) = 7000) = P(p)( [ ¢dx) (5.3)
7

where —P(p) is the first term on the right hand side of (5.2). It follows from (5.3),

and from
Fact 5.6. [T O(2)"'dz < oo,

that we have blow up of A(¢) in a finite time, unless
-1
o) < aP(p)( [ ¢rar) (5.4
7

for all t > 0, p > 0. Then, we take into account that the inverse function H of ©

satisfies
Fact 5.7. H(yz) < yH(z), for all z >0, v > 1.

Set Zy = [,,¢* dx, and note that V(p)/Z, > 1. We conclude from (5.4) and Fact 5.4,
that for p > 1,

/ Co(w)dr < ZoH(4P(p)Zy ') < 473v(p)H(f(pﬁi)pvm)
2(t)

_m+1 —(y—pB)mtlL —
< 74V(,0)H<s0(,0 = )p~! ﬁ)"—m) =uV(p)p(p~ =)

< sV (p)p 5w [p RV () V8] = s [ RV (0) VP T = €(p)




where we have used also the definitions of f, V.. We conclude the proof by noting

that £(p) — 0 as p — oo, if § > ¢, owing to (1.16) and to

p iV (p) VP = v (¢ i )V < /V (5.5)
0
where t = p~ ﬁHOasp—>oo
Proof of Fact 5.1 We have immediately
)] e V*(w 5)1/‘3 T e’ '

because V is obviously increasing; here § = (v —m)/(m+1). If w < 1, then w™° > 1

and we get from assumption (1.17)

w w 1

V(s=dw=)\ V7P
/V;(T_‘S)l/ﬁ dr = /V(T“S)l/ﬁ dr = w/ <7<8<85ww5))\)) (s Pw )MP ds
0 0 0

1
< C;/Bw/x(s‘sw5)1/6(55105)’\/6 ds
0

021/6 (V(w_a))l/ﬁ w8 <7wV(w_5)1/5_

=\ T 1—6\/3
If w > 1, we have however
w 1
/m Y dr = /V(M)l/ﬁ dr+w—1<7+w< (F+ DwVi(w ).
0 0

We conclude by substituting the estimates above in (5.6).

Proof of Fact 5.2 As remarked in [13], the sought after inequality is an elementary
consequence of z®'(z) > dP(z), for a suitable § > 0. In turn, the last bound is proven
immediately, for all z > 0, by differentiating ®, and using the already proven fact
wf'(w) > —ef(w), with small e

Proof of Fact 5.3 We have, with § = (v —m)/(m + 1),

h(w™) > wCV,(w¢™) )P > w* Vi(w™)P > 7™ h(w)
22



whence the claim follows.

Proof of Fact 5.4 From Fact 5.1 and integrating by parts one gets

B
o)z =2 [Prmar= -2+ Do),

0

z

proving the upper bound for ¢. The lower bound follows trivially from the definition,
recalling that f is decreasing.
Proof of Fact 5.5 Obviously we have O(z) = zn(z)”~?, where 7 is the inverse function

of . After lengthy but trivial calculations we find

- v—20
0/ (z) = (v — 5)%{%@(2)) (v —28)en(=)® — en(2) P F(n(2)}

Clearly, ©” > 0 if v > 203, because f' < 0. If v < 203, we recall from Fact 5.4 that
(B —¢)zn(2)=? < f(n(2)); therefore certainly ©” > 0 provided 2 > (28 —v)/(3 — ¢),
which amounts to 2¢ < v.

Proof of Fact 5.6 If we define 1 as in the proof of Fact 5.5, we have

[e.e] [e.e] [e.e]

dz dz L (r) T odr
o — - - 7 <
(o0~ s | mwstrss [ whm <o
! 1 n(1) (1)

because v — 4+ 1> v > 1.

Proof of Fact 5.7 We may calculate directly

(1) _ t _
H(t) ~ t+ (v = OH@OnH©) 7 Fo(H @)~

whence the claim follows upon integrating H'(t)/H (t) < 1/t over (z,7vz).

t

)

6. PROOF OF THEOREM 1.3
We define a sequence of cutoff functions (,, n > 0, so that
Glr)=1, €02, \2;,, CGlx)=0, &2, \2. ., |DG|<~2"/(op),
where 0 < 0 < 1/2 is given and, for py as in the statement,

pn=p+o27"p, pp=(p—027"p)/2, n>0,p>4p.
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Note that p, > pni1 = p, Pn < pni1 < p/2, n > 0. Also, the support of each ¢,
is bounded away from the support of ug. If we use the testing function ¢"*!u? in
the weak formulation of problem (1.4)—(1.6), where 0 < 6 < (m + 1)/N, we find by

means of straightforward calculations

o<r<t

t
sup / u1+0<111n+1 dz =+ // ua+071‘Du‘m+1<:L+1 drdr
() 0

po-)m-i-l
0 Qpn—l \Qﬁn—l

t
2n(m+1)
< 7(7 / / u™ ot da dr + ’y// w0 dedr =0 A+ Ay (6.1)
00

As a first remark, we note that

¢
A< [luCnhdr swp [ Gritutttde,
’ 0<r<t
0 (1)
Thus, reasoning as in the proof of Theorem 1.1 (see (4.8) and (4.12)), we may guar-

antee that

1
Ay < = sup / ¢t da (6.2)
0<r<t
(1)

for all ¢t > 0, provided ¢ in (1.14) is small enough. Therefore, in (6.1) we may absorb
the term A, into the left hand side. Then, on setting v,, = u ST (5, for a sufficiently

large s > 1, we have for n > 1

! ,}/12n(m+1) !

Y, = sup / vE do + //|Dvn|erl dedr < 71//11,?_*11 dedr,  (6.3)

0<r<t (po)mt
Q(r) 00 00

where ¢ = (m + 1)(1 + 0)/(a+m + ). We introduce the increasing functions
m+1 m _ m+1l—e
Fi(s) =" g ()™ Ras) = [FTV)]

The monotonic characyer of Fy follows from (1.8), and from ¢ < m + 1. Next we

apply the embedding (2.2) with h =¢, s=m+1, p=m+1, v =0v,_1(-,7). After
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integrating in time the resulting inequality, and defining

t m+1

S(t):/( / vg_ldx) " dr, I(t):/t/\Dvnl\m“dxdT,

0 (1)

we find, making use of Jensen’s inequality,

t t m—+1
e | Dvp | da
// v drdr < 72/ ( / (D dx) F (fn( ) 1 ) 4
00 (fn(r) vy dz) ©

0 ()
<ueR (g ) - (640

Note that we assume provisionally here that
F2(_1) is convex,

We prove at the end of this section that this extra assumption can be removed. We

have also used

Fy(ys) < vFy(s), forall s >0, v > 1.

which is a consequence of the definition of Fj, and of the second estimate in (2.8).

Again by the definitions of Fj, F; and from (1.8), we infer that for any fixed A > 0
A

s sF3(=) is non decreasing for s > 0. (6.5)
s

Next we apply (6.4) in (6.3), using (6.5) and the obvious inequalities £(t) < Y™™/,
Z(t) < Y,_1 to bound the last term in (6.4). We find

n(m+1) m—+1 1
Y, < ’71’73W75Yn—61 Fy tYT
n—1
(140)(m+1) 14 (atm-D(m+1) atm—1

<y 2nmAl) pmm=lp K Y Fe @Y, F0) ) (6.6)

n—1

where (recalling that C, has been introduced in Lemma 2.3), by definition,

m—1
B 1 N(146) 1+6
fols) = [Ff D(2)s M } ,  s>0.
S
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It follows from (1.8) and the definition of Fi that fy is non decreasing. Moreover,

reasoning as in (6.1), (6.2), we have for all n > 0,

t
1
Y, < 52" I, = u" et Az dr 6.7
fy pm—l—l

0 s,
Combining (6.6), (6.7) with the elementary inequality

atm—1 N(a+m—1)

folys) S [FTH(s™] 0 (vs) Beo < yfo(s),  v>1,5>0

(indeed N(av+m — 1) < K144), we infer

(140)(m+1) 14 lotm_D(mt1) atm—1

Y, <Ab"p ™M Kiwe Y, WO f(tl ), b> 1.

Hence, invoking Lemma 5.6 Chapter II [11], we have that ¥,, — 0 n — oo, i.e.,
u(x,t) =0, x € £2,\ £2,/2, provided

. Kite
(140)(m+1) atm—1 (a+m—1)(m+1)

Yo < {p_m_lt B fo(tl ) : (6.8)

One can employ the inequality Yy < 71y, and the definitions of F}, fy, to show that
(6.8) is implied by

at+m—1

Go (I/F( 1)(( I, & )_1)) < ~7p, where Go(s) =s/g(s), s>0. (6.9)

Next we estimate, using (4.2),

U m+a+6—1 dr t U m-+a-+6
Ml /d} ol < Juols 6.10)

prtl HuOHaer 1)m+a+0 1 =79 P (t|ug Ha+m 1)m+a+0 1

(here we exploit the restriction § < (m+1)/N). On substituting Iy in (6.9) with the
bound given in (6.10), one can see, by means of routine calculations, that (6.9) is in

fact fulfilled for
p = 10Go (¥ (tuol|$5" 1)), (6.11)

for a large enough constant ;9. We remark that G does not depend on 6 in (6.11),

and that the restriction p > 4pg is included in (6.11), provided ¢ > ¢, for a suitable
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t > 0. The proof of the bound above for Z is concluded by noting that Gy ~ R if
(2 € By (g)
In order to prove the bounds below, for u and for Z, we proceed as follows. We

have

[uollre < /“(l“vt) de < V(Z0))[[u(, )lloe0 < v (tuolltH"Hllul, )0

! (6.12)

from the bound above for Z, and the definitions of the functions V', R. Note that
the first inequality in (6.12) can be proven by standard arguments, exploiting also
the fact that u(-,t) is compactly supported. This shows that the bound (1.15) is

optimal. Finally, by the same token,

V(Z(t) > W > o(tluollE ).

immediately implying the sought after bound below for Z.
In order to complete the proof, we need remove the assumption FQ(_U convex. This
is the only step where we employ the monotonicity of g. Note that

3 (m+1)(1+0)
Fz( 1)(3) _ Gl L g(sfaﬁil)m”q, s>0,

and define

f dr r (m+1)(1+6) 140\ mtl
¢(8)=/—/y atm—1 gy arm1)" dy.
0 0

We may minorize, exploiting the fact that g is non decreasing,

/ a7 / CEED Qy (s )™ > o FD ().

On the other hand, z™*1g(z71)™*! is non decreasing in z, so that

1 m~+1)(1 1 m _
¢(5) < / 1+( oiw)rf Jig)g(T_a-Jne 1) + dr < FQ( 1)(8). (6.13)
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Finally, ¢"(s) > 0 follows from elementary differentiation, and reasoning as in (6.13).

Therefore, we may replace Fz(_l) with ¢ when invoking Jensen’s inequality, and then

switch back to FQ(_l) again, exploiting the two sided estimate just proven.
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